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ERRATUM TO ”MINIMAL SURFACES IN FINITE
VOLUME NONCOMPACT HYPERBOLIC 3-MANIFOLDS”
PASCAL COLLIN, LAURENT HAUSWIRTH, LAURENT MAZET, HAROLD
ROSENBERG
In this note, we explain how a mistake made in [2] can be corrected. Actu-
ally this mistake appears in the proof of Proposition 8 (the second maximum
principle) and was brought to our attention by A. Song [4]. Let us notice
that unfortunately, we did not find an alternative proof of this proposition
but we found an alternative proposition. The new proposition does not
change the subsequent applications we made of the original proposition. At
the end of the note we explain which modifications should be done where
the original Proposition 8 is applied.
The difference with the original Proposition 8 is that here we have to
assume a control on the index of the minimal surface Σ.
The new proposition. Let (T, ds2
T
) be a flat 2 torus of diameter 1 and
considerM = T× [−12 ,+∞) endowed with the metric g = e
−2h(t)Λ2ds2
T
+dt2
; here Λ is a positive constant and h satisfies the following assumptions:
• h(0) = 0
• h′(t) > 0
• h′ is bounded in the Ck norm.
The main example is h(t) = t. We denote by Ts = T× {s}.
Proposition 1. Let i0 ∈ N. There is a Λ0 such that the following is true.
For any Λ ≤ Λ0 and any compact embedded minimal surface Σ ⊂ M with
∂Σ ⊂ T
−
1
2
and index less than i0, we have Σ ⊂ T× [−
1
2 , 0]
Proof. If the proposition is not true there is a sequence Λn → 0 and Σn
a minimal surface in M with index less than i0, boundary in T− 1
2
and the
maximum of the function t on Σn is tn > 0.
In order to study this sequence, we translate in the t direction by −tn
and make a homothety by λn =
eh(tn)
Λn
→ +∞. We thus obtain a compact
minimal surface Sn in T × [−(
1
2 + tn)λn, 0] endowed with the metric gn =
e−2hn(t)ds2
T
+ dt2 (where hn(t) = h(
t
λn
+ tn) − h(tn)) with boundary in
T
−( 1
2
+tn)λn
and containing a point in T0. We notice that hn → 0 uniformly
on any compact. So the ambient space smoothly converges to X = T× R−
endowed with the flat metric ds2
T
× dt2.
Let ε be positive. Since Sn has index at most i0, there is a set E
n(ε) of
at most i0 points in Sn such that, for any p ∈ X with d(p,E
n(ε)) > 2ε,
1
2PASCAL COLLIN, LAURENT HAUSWIRTH, LAURENT MAZET, HAROLD ROSENBERG
Sn ∩ B(p, ε) is stable. Actually, by the work of Chodosh, Ketover and
Maximo (Theorems 1.5 and 1.17 in [1]), up to a subsequence, there is a set
En of at most i0 points in X and a constant κ > 0 such that for all x ∈ Sn,
|An|(x)min{1, d(x,E
n)} < κ,
where An is the second fundamental form of Sn, d is distance in X.
Passing to a subsequence, the sets En converge to a set E∞ = {p¯1, . . . , p¯j}
in X (j ≤ i0). On the complement of E
∞, a subsequence of the surfaces
Sn converge to a minimal lamination L of X \ E
∞. Moreover L extends
smoothly to E∞; in any compact ball of X, the leaves of L have bounded
curvature.
Let us write p¯j = (q¯j , t¯j). Let ε0 > 0 be small enough such that either
t¯j = 0 or t¯j < −ε0. In the following, we will consider that the first possibility
is true for any j since we won’t look at the lamination close to the other
points.
We notice that, since Sn∩T0 6= ∅, we have L∩T0 6= ∅. Since T0 is minimal
and L ⊂ X, T0 is a leaf of L. Besides the lamination structure of L implies
that
∀δ > 0,∃ε > 0, such that |AL| ≤ δ and |〈νL, ∂t〉| ≥ 1− δ on Xε
where νL is the unit normal to L and Xε = T× [−ε, 0].
So the lamination structure implies that ε0 can be chosen such that in
Xε0 , L is transverse to ∂t and in fact almost orthogonal. Finally we also
have that, for any L > 0, there is εL > 0 such that any path γ in L of length
less than L and starting from XεL stays in Xε0−εL .
For η, ε > 0, we define Cj(η, ε) = D(q¯j, η) × [−ε, 0] (D(q¯, η), a geodesic
disk in T). Once η and ε are fixed we know that we have convergence Sn → L
outside ∪jCj(η, ε). This implies that for large n, in X \ ∪jCj(η, ε), Sn is
almost orthogonal to ∂t, its second fundamental form has small norm and
any path γ ⊂ Sn ∩ (Xε \ ∪jCj(η, ε) of length less than L starting from Xε2L
stays in Xε0−ε2L .
Let us consider a set of generator of pi1(T \ {q¯1, . . . , q¯j¯}) and L an up-
per bound for the length of these generators. Let us fix ε ≤ min(ε0, ε10L).
Because of the transversality of Sn with ∂t and the control of its curva-
ture, we can choose η > 0 such that any connected component of Sn ∩
(D(q¯j, η)× [−ε0, 0]) intersecting D(q¯j, η)× [−ε0+ε,−ε] is a topological disk
with boundary a loop on ∂D(q¯j, η)× [−ε0, 0] winding around q¯j × R.
Let p¯ = (q¯, 0) ∈ T0 ⊂ L be a point outside of the cylinders Cj(η, ε).
Because of the convergence Sn → L outside the cylinders, for large n, there
is a point pn = (q¯, t¯n) ∈ Sn such that t¯n → 0. Actually we choose t¯n as the
largest t such that (q¯, t) ∈ Sn (we recall that Sn is compact).
Now choose a basis of generators of pi1(T0 \ (∪Cj(η, ε))) at q¯ of length less
than 2L. Since, outside the Dj(η, ε), Sn is transverse to ∂t, such a generator
γ : s ∈ [0, 1] 7→ (q(s), 0) can be lifted vertically to a path γn in Sn starting
from pn for n large (since L is fixed and assuming t¯n > −ε, we can be sure,
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if n is large, that the vertical lift stays in Xε0−ε where Sn is transverse to
∂t). We write this lift as γn : s 7→ (q¯(s), tn(s)). We have three possibilities:
t¯n = tn(0) = tn(1), t¯n = tn(0) > tn(1) or t¯n = tn(0) < tn(1). By the
definition of t¯n the second possibility is impossible. If the third one occurs,
we consider the lift of −γ, which gives γ˜n : t 7→ (q¯(1 − s), τn(s)). Since
tn(1) > tn(0) = τn(0) we must have τn(s) < tn(1−s) and τn(1) < tn(0) = t¯n
which is impossible. So tn(0) = tn(1) and γ lifts as a loop in Sn. This
implies that the component of Sn ∩ ((T \ ∪jD(q¯j, η)) × [−ε0, 0]) containing
pn is a vertical graph over T0 \∪jCj(η, ε)). It is denoted S˜n. We notice that,
as n → ∞, this graph converges, as graph, to T0 \ ∪jCj(η, ε). This implies
that for n large the boundary of the graph is made of curves in Xε.
Let us look at the case where there is no singular point. In this case, S˜n
is a graph over the entire T0 so it is a compact connected component of Sn
with no boundary and such a surface can not exist since the mean curvature
of each Tt points up.
So now we assume that there are singular points. Let p = (q, t) be a point
in Sn ∩ ∂D(q¯j, η) × [−ε, 0]. Let γ be a generator of pi1((T0 \ (∪Cj(η, ε)) at
p of length less than 2L. As above γ can be vertically lifted to Sn with
initial point p to γn : s 7→ (q¯(s), tn(s)). As above we have three possibilities:
t = tn(0) = tn(1), t = tn(0) > tn(1) or t = tn(0) < tn(1). Let us consider the
third possibility. Since −ε < tn(0) < tn(1), this implies that we can lift γ
starting from (q, tn(1)) and extend γn on [1, 2]. We also have γn(1) < γn(2).
Actually we can extend the definition of γn to R+. We obtain that Sn
contains the sequence of points (q, tn(k))k. This sequence converges to a
point (q, t˜) ∈ Sn where Sn is transverse to ∂t. This gives a contradiction
with the fact that Sn is compact and then properly embedded. If the second
possibility tn(0) > tn(1) occurs, we do the same argument as above with
−γ. So finally, we have tn(0) = tn(1). This implies that T0 \ ∪jCj(η, ε) lifts
vertically as a graph containing p, this lift is contained in Xε0−ε.
A component c of Sn ∩ ∂D(q¯j , η) × [−ε0, 0] meeting Xε0−ε is a vertical
graph, so it is a loop winding around q¯j×R. c is called bounding if it bounds
in Cj(η, ε0). We know that if c meets T× [−ε0,−ε] it bounds a disk so a non
bounding curve is contained in Xε. We remark that Sn has a finite number
of non bounding curves c.
If there is no non-bounding curve, each boundary curve of S˜n bounds some
component. So adding these components to S˜n, we construct a connected
component of Sn in Xε0−ε with no boundary. This is impossible since the
mean curvature vector of Tt points up.
To any non bounding curve c, we can associate a lift of T0 \ ∪jCj(η, ε)
containing c. Let Fn be the union of the finite number of lifts associated
to the non bounding curves. Actually if c is a boundary component of Fn
either it bounds in Cj(η, ε0), or, if c is non bounding , it is one component
of the boundary of a connected part of Sn in Cj(η, ε) whose other boundary
components are also in ∂Fn. So adding to Fn a finite number of components
4PASCAL COLLIN, LAURENT HAUSWIRTH, LAURENT MAZET, HAROLD ROSENBERG
of Sn∩∪jCj(η, ε0), we produce a compact minimal surface with no boundary
in Xε0 . As above such a surface can not exist by the mean convexity of
Tt. 
Other modifications in the paper. In [2], Proposition 8 is used in the
proof of Theorem A. Let us explain how we have to modify its proof. Let us
consider N a finite volume hyperbolic 3-manifold. As in the original proof
we cut the cusps along constant mean curvature tori whose size is sufficiently
small such that the above Proposition 1 applies with i0 = 1.
As in the original proof, we then glue solid tori with a metric depending
on a parameter L in order to get a compact manifold N˜ with a metric
gL. Moreover the width of (N˜ , gL) is uniformly bounded by L. Then we
can apply Theorem A in [3] to produce a minimal surface Σ in (N˜ , gL) of
index at most 1 and area at most M0. Then the same argument as in the
original proof can be applied to prove that, for large L, Σ lies actually in
N . Proposition 1 applies since we know that Σ has index at most 1.
Actually, this change has also an impact on the proof of Theorem 26
in [3]. The modification is that in the proof we only have to consider minimal
surfaces with index at most 1. So the arguments are the same as those of
the previous paragraph.
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